Cucmemu 0opooku ingpopmauii, 2012, eunyck 4 (102), mom 1

ISSN 1681-7710

VK 681.1-665.52

V.H. Salimov, L.A. Gardashova

Azerbaijan State Oil Academy, Azerbaijan, Baku

DECISION MAKING UNDER UNCERTAINTY -PROOF OF ELLSBERG'S EXPERIMENT

Decision making under uncertainty is a very important problem in real life problems. The paper is dedicated
to the problem of decision making under uncertainty. In this paper the proof of Ellsberg’s experiment is suggested.
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1. Infroduction

Ellsberg paradox [1] contradicts an axiom of ex-
pected utility called sure-thing principle [2]. This prin-
ciple was introduced by Savage . According to this prin-
ciple if two alternatives have shared result over the dif-
ferent states of nature, a choice of alternatives will not
depend on this result. This paper explains Ellsberg par-
adox and has no disadvantages of classic methods.

There are a lot of theories and methods of decision
making in the conditions of uncertainty [3 — 9]. Key con-
cept of all these methods is the concept of utility. Utility
represents some size which characterizes considered
alternative in such a manner that among set of the alter-
natives accessible to a choice, decision maker chooses
that alternative where utility is maximum,i.e. the best
alternative. In other words, utility represents the mathe-
matical description of preferences decision maker. Each
model of utility used for the mathematical description of
preferences DM, in general is based on those or other
hypotheses of properties, i.e. the nature of these prefer-
ences. It is natural that the model, as a matter of fact, ap-
proximately describes the real phenomena and conse-
quently different models of utility on a miscellaneous
description choice of decision maker, i.e. in different
degree are approached to real behavior of people in the
conditions of uncertainty and risk. Utility theory is one of
the main parts of decision analysis. The notion of utility
function consists in construction of a function that repre-
sents an individual’s preference relations defined over the
set of possible alternatives. A utility function u(.) is such
a real-valued function that for any two possible alterna-
tives x and y an inequality u(x) > u(y) holds and only if

x is preferred or indifferent to y. In general, the existence
of a utility function individual’s is based on transitivity
and completeness properties of individual’s preferences.
For decision making under uncertainty the first utility
paradigm was the expected utility theory of Neumann and
Morgenstern [10]. This model compares finite-outcome
lotteries (alternatives) on the basis of their utility values
under conditions of exactly known utilities and probabili-
ties of possible outcomes. A utility value u(x) of a finite-
outcome lottery

X =(X{,P135+5Xp>Pp)

n
is defined as u(x) = Z u(x;)p; -
i=l

The given theory represents harmoniously enough,
thus quite simple model of a choice in the condition of
uncertainty. However, as the subsequent experimental
researches of economists and psychologists have shown,
the given model frequently is incapable to describe
behavior of people.

Savage’s SEU theory, a probability is considered
as a decision maker’s (DM’s) degree of confidence con-
cerning the occurrence of an event.

The most famous examples showing inconsistency
of the expected utility model are Allais paradox and
Ellsberg paradox[11].

The rest of the paper is organized as follows. In
section 2 we give preliminaries. In Section 3 we formu-
late a statement of the problem. Section 4 is devoted
to solution of the problem by using Choquet expected
utility. Section 5 is conclusion.

2. Preliminaries

Definition 1.
Choquet expected utility model [12].
The Choquet expected utility (CEU) model has the form

n
CEU(f) = D u(f(s;))w;
i=l
Decision weights w; are non negative. u(f(s;)) - is the
utility values.
Definition 2.
Possibility measure [8].
Assume that P(X) is a power fuzzy set of the universe
X. Then the mapping I1:P(X) —[0,1] with the follow-
ing properties:
@) =0,I(X)=1;
A c B->TI(A) <II(B);
IT(U A;) =suplI(A)).
iel iel
is the possibility measure. Here I is index set.
Definition 3.
Linguistic lottery[13].
Linguistic lottery is a linguistic random variable
with known linguistic probability distribution. Linguis-
tic lottery is represented by a vector
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L= (}31,il;...;f’l,il;...;ﬁn,i )
Let (Q,P(Q),Q) be probability space, where
Q= (0, 0,,...,m,) is finite, P(2)is a set of subsets of
Q ,Q is a probability measure. In reality very often Q is
not exactly known. Only partial information is available.

For example, instead of exact Q it is known a set P of
possible probability distributions over Q [14]. In this
case it is possible to approximate P by getting upper and
lower bounds called lower probability function and upper
probability function respectively [14]. Given B € P(QQ)

F(B) = /\{Q(B):Q el‘v} , G(B) =A{Q(B):Q eﬁ} ,

where functions F,G are called lower probability function
and upper probability function respectively [14]. Here
F(B) < P(B) <G(B) holds for all B. F,G are not prob-

ability measures, not being additive. For them it is held:
1) F(@)=G()=0,
2)F(Q) =G(Q) =1
3)Bc C,F(B)<F(C)
and G(B) <G(C)

3. Statement of the problem

Let's consider an urn with 90 balls. It is known the
urn contains 30 red and 60 black balls in unknown pro-
portion. Then the decision maker is offered four lotter-
ies (table 1). He receives $100, if he draws a red ball in
the first lottery and a black ball in the second lottery.
The probability of a red ball is 1/3, but the probability of
a black ball is unknown. The third and the forth
lotteries are more complicated.

Table 1
The lotteries in Ellsberg's experiment
Number of balls 30 60
Lotteries RED | BLACK YELLOW
1 $100 | $0 $0
2 $0 $100 $0
3 $100 | $0 $100
4 $0 $100 $100

Decision maker receives $100, if he draws red or yel-
low balls in the third lottery and black or yellow balls in
the forth lottery. An experiment showed, that most people
prefers lottery 1 to lottery 2 and lottery 4 to lottery 3. Thus
the decision maker demonstrates an uncertainty aversion.
He chooses the second lottery, as, according to expected
utility theory, he thinks, that a number of red balls is more
than a number of black ones. He also chooses the forth
lottery as he thinks, that a number of black balls is more
than a number of red ones. Thus the paradox appears when
the decision maker thinks simultaneously that a number of
red balls is more and less. The causes are in decision mak-
er's preferring of the lotteries where an uncertainty in
probabilities is less.

Formally this problem can be formulated as fol-
lowing. There is a space of mutually exclusive and ex-
haustive states of nature S = {s;,s,,s3}, consisting from

three states of nature: red ball, black ball and yellow
ball, X — a set of outcomes, X R, R — set of real
numbers. A is the set of actions that are functions h :
S — X. Problem is in decision making on a base of
Ellsberg paradox under condition that a number of black
balls is more than a number of yellow ones.

4. Solving the problem using CEU

As it was mentioned above, there are a set of states
of nature S ={S4,Splack»Syellow | » @ set of alternatives

A ={h;,h,,h3,h,}, consisting of alternatives of deci-

sion making over four lotteries, and a set of results

X = {X11,X12,X13,X21,X22,X23,X31,X32, X33}

We use a method of Choquet expected utili-
ty(CEU) and elements of fuzzy measure for decision
making under uncertainty.

If choice is carried out on the basis of expected
utility, then

U(L1)>U(L2)
and U(L4)>U(L3).

By using table 1, we obtain:

R*U($100)+(1-R)*U($0)>B*U($100)+(1-B)*U($0)
U($100) > U($0) .
R >B.

Analogously for L3 and L4
B*U($100)+Y*U($100)+R*U($0)>
R*U($100)+Y*U($100)+B*U(S$0).

B >R.

Contradiction is received from here.

We can use non-additive aggregator (Choquet in-
tegral) [2,15,16] for the liquidating this apparent contra-
diction. For four lotteries Choquet integral is in the fol-
lowing form:
Ul=(g{R}-g{J})*100+(g{R,B}-g{R})*0+

+(g{RaBaY}'g{RaB})*O
U2=(g{B}-g{J})*100+(g{B,R}-g{B})*0+
+(g{RaBaY}'g{BaR})*O
Ul=g{R}*100
U2=g{B}*100

Taking into account, U1>U2

Then g{R} >g{B}

Thus, comparing the utility functions for the first
and the second lotteries we determine U1>U2.

Analogously
U3=(g{R}-g{J})*100+(g{R,Y}-g{R})*100+
+(g{RaBaY}'g{RaY})*O
Ud=(g{B}-g{J})*100+(g{B,Y}-g{B})*100+
+(g{RaB’Y}'g{BaY})*O
U3=g{R,Y}*100
Ud=g{B,Y}*100

Taking into account, U4>U3
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Then g{B,Y} >g{R,Y}

So, we obtain:

g(B)<g(R),
gR,Y)<g(B.Y).

Adding condition of monotonicity, we can write:
\g(r,y)>g(1).g(y):2(by)>g(b),g(y):&(r,b)>g(r ).g(b)
for any measure which satisfy condition above mentioned
inequalities Elsberg’s experiment is true. For example, let

us assume the following as the fuzzy measure :
g({R})=1/3
g({B}) =g({Y})=2/9,
g({R,Y})=5/9,8({B,Y}) = g({R,B})=2/3
g({R,B,Y}) =1

Then we obtain:

U1=(1/3-0)*100+(2/3-1/3)*0+(1-2/3)*0=100/3
U2=(2/9)*100+(2/3-2/9)*0+(1-2/3)*0=200/9

Thus, comparing the utility functions for the first and
the second lotteries we determineU1<U2. Then it is neces-
sary to take into consideration, that a crisp number is a
private case of fuzzy set. It involves to state, that a number
of the red balls is less than a number of black ones.

For the third lottery the value of utility function
will be constant:
U3=(1/3-0)*100+(5/9-1/3)*100+(1-5/9)*0=

=100/3+200/9=500/9

For the forth lottery this situation will repeat:
U4=(2/9-0)*100+(2/3-2/9)*100+(1-2/3)*0=

=200/9+400/9=600/9

Thus, U4>U3

Continuing the experiment and supposing that a
number of the black balls is less than a number of yel-
low ones, we can easily determine that preferences will
change on opposite, i.e.,. U1>U2, U4>U3

Above mentioned results show that Ellsberg's Ex-
periment is true.

5. Conclusion

In this paper, the proof of Ellsberg’s experiment is
discussed. A method of decision making under uncer-
tainty using the Choquet expected utility and possibility
measure is suggested in this paper.
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Haoiiwuna 0o peoxonezii 27.03.2012

Penensent: n-p TexH. Hayk, mpod. P.K. Mawmenos, Asep-
Gaii/pKkaHCKas rocyiapcTBeHHas HeTaHas akagemusi, baky.

MPUHATUE PELLEHUS B YCIIOBUIX HEOMPEAENEHHOCTHU — LIOKA3ATEJIbCTBO NMAPAJOKCA 3JIICBEPTA
B.I'. Canumos, JI.A. IN'appamosa

B cmamuve 6vL1 npednodicen Memoo npunsmus peuwienus 8 yCiosusix Heonpeoeiennocmu. Ilpu smom dokazan uzeecmmbiii
napaookc Idnicbepea, ¢ UCNONb30GAHUEM HEAOOUMUBHOL Mepbl U Mepbl 603ModicHocmu. Cmamps cCOCMoum u3 ciedyiouux ua-
cmeli: 8sedenue, NOCMAHO8KA 3a0a4u, OCHOGHbIE OnpedesieHusl, OOKA3amenbemeo napadokca dnncbepea u 3axKaodenue.

Knrouesvie cnosa: npursimue pewienisi 6 yCogUsiX HEORPeORIeHHOCH, Mepa 03modicHocmu, unmezpan Llloke, napadoke Juicoepea.

MPUAHATTS PILLEHHA B YMOBAX HEBU3HAYEHOCTI — [JOKA3 MAPALQOKCY EJUJICBEPTA
B.I". Canimos, JL.A. I'apnamosa

Y cmammi 6ys 3anpononosanuii memoo nputinammsi piwiennsi 8 ymosax negusnauenocmi. Ilpu ybomy 0osedenuil gidomuil
napadokc Enncoepea, 3 GuKOpuCmanHam Headoumugnoi mipu i mipu modicnugocmi. Cmammsi CKIa0acmvcs 3 HACMYRHUX YACTUH.
66e0eHHsl, NOCMAHOBKA 3a80alHsl, OCHOBHI u3HAYeHH s, 00Kka3 napadokca Enncbepea i 6uchogox.

Knrouosi cnosa: yxeanenns piwienns @ ymosax negusnauenocmi, mipa moosiciusocmi, inmezpan Llloxe, napaookc Enncoepea.
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